I. Introduction and outline II.1. Hard spheres with gravitational interactions ♠ We consider a gravitational model S made with
• N identical hard spheres (m,σ) • enclosed in a spherical box (Λ = 4πR 3 /3)
• particle density n = N/Λ and mass density ρ = mn ♠ The corresponding Hamiltonian reads 
II.2. Microcanonical description
S isolated, with fixed energy E and no other conserved quantity.
♠ Microcanonical ensemble :
• Distribution in phase space
• Number of microstates
⋄ f micro is a stationary solution of evolution equations
⋄ Ω(E, N, Λ) is finite for σ > 0 ; it diverges for σ = 0 and N ≥ 3 [POMEAU, 2007] II.3. Auxiliary systems and the scaling continuous limit ♠ Sequence of similar auxiliary systems S a with N a → ∞ :
That scaling limit (SL) defines an infinite continuous medium S ∞ in a stationary state controlled by the two independent dimensionless parameters :
• Packing fraction η = πn a σ 3 a /6 = πnσ 3 /6 .
⋄ Inspired from the usual TL with now mass density fixed ρ a = m a n a = ρ ⋄ Other limits in the canonical ensemble [MESSER-SPOHN, 1982] and grand-canonical ensemble [KIESSLING-PERCUS,1995] with G rescaled
III.1. Bounds for the potential energy in the SL
♠ For any allowed configuration, the potential energy of S a
is larger than that of the collapsed configuration where the N a hard spheres make a single cluster with size
a σ a , which is of order −Gm 2 a N 2 a /L coll . In the scaling limit, this provides the classical version of H-stability
♠ For any allowed configuration, the potential energy should be smaller than that of a homogeneous surface mass distribution N a m a /(4πR 2 a ),
III.2. Extensivity of potential energy in the SL
♠ Thanks to the extensivity of its upper and lower bounds, the average potential energy of S a
should also be extensive in the scaling limit (like the potential energy of an homogeneous sphere with mass density ρ).
♠ Extensivity consistent with the expected scaling behaviours for q,q ′ ,... fixed
III.3. Fluctuations of the potential energy in the SL
can be expressed as spatial integrals of 1/|r − r ′ | 2 , 1/|r − r ′ ||r − r ′′ |, and 1/|r − r ′ ||r ′′ − r ′′′ | weighted respectively by two-, three-and four-body distribution functions. A simple estimation within the considered scaling limit provides
♠ Accordingly, we will use in further estimations of averages involving V N a the ansatz : 
Using f micro , the standard integration over the momenta p i leads to
♠ Introduce the gravitational potential Φ(r|r 2 , ..., r N a ) = Φ N a −1 (r) at r created by the (N a − 1) particles located at r 2 , ..., r N a . Since
we obtain in the SL
IV.2. Emergence of thermalization in the infinite system
, the expansion of the logarithm leads to
• Applying the fluctuation ansatz, we find in the SL
V.1. Hydrostatic picture for the infinite system ♠ The hydrostatic approach for S ∞ is justified thanks to
• Local thermodynamical equilibrium is ensured by hard-core repulsion entirely.
• At the local scale, particles feel the mean-field gravitational potential
• The local correlation length λ HS is much smaller than the characteristic variation length R a of ρ a (r).
♠ Accordingly, the hydrostatic equilibrium reads for the rescaled quantities g(q; ε, η) = lim SL ρ a (R a q)/ρ and ψ(q; ε, η) = lim SL φ a (R a q)/(GM a /R a ) of S ∞ , as ∇ q [g(q; ε, η)p HS (ηg(q; ε, η))] = −g(q; ε, η)∇ q ψ(q; ε, η)/T
